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SUMMARY 
A review of some of t h e  per turba t ion  methods commonly used t o  study t h e  
propagation of acous t ic  waves i n  turbulen t  media is presented. Emphasis is  on 
those techniques which are appl icable  t o  problems involving long-range propaga- 
t i o n  i n  t h e  atmosphere and ocean. Charac t e r i s t i c  f e a t u r e s  of t he  var ious  
methods are i l l u s t r a t e d  by applying them t o  p a r t i c u l a r  problems. It is  shown 
t h a t  conventional per turba t ion  techniques, such as t h e  Born approxitaation, 
y i e ld  so lu t ions  which contain secular  terms, and which the re fo re  have a rela- 
t i v e l y  l imi ted  range of v a l i d i t y .  I n  con t r a s t ,  it: is found t h a t  so lu t ions  ob- 
tained with t h e  a i d  of t h e  Rytov metgod o r  t h e  smoothing method do not conta in  
secular  t e r m s ,  and consequently have a much g rea t e r  range of v a l i d i t y .  
INTRODUCTION 
I n  many real problems involving wave propagation i n  random media, such 
as those a r i s i n g  out of i nves t iga t ions  of sound propagation i n  t h e  atmosphere 
or  ocean, t h e  propagation medium may be regarded as weakly inhomogeneous i n  
t h e  sense t h a t  it dev ia t e s  only s l i g h t l y  from a uniform state. This i s  con- 
venient from a t h e o r e t i c a l  s tandpoin t ,  s ince  it allows such problems t o  be 
solved by per turba t ion  methods. However, conventional per turba t ion  methods, 
such as t h e  Born method, s u f f e r  from t h e  drawback t h a t  approximations obtained 
with them are genera l ly  l imi t ed  i n  t h e i r  range of v a l i d i t y .  A s  a consequence, 
such methods are appl icable  only t o  problems involving r e l a t i v e l y  short-range 
propagation. For example, under conditions of moderately s t rong  daytime tu r -  
bulence, t h e  Born approximation f o r  acous t ic  propagation i n  t h e  atmosphere 
may break down i n  as l i t t l e  as 100 m e t e r s .  
The f a i l u r e  of t h e  Born approximation i n  cases of long-range propagation 
arises from t h e  f a c t  t h a t  i t  is  a f in i te -order  approximation; i.e., it includes 
only a f i n i t e  sum of t e r m s  of t he  complete per turba t ion  expansion of t h e  solu- 
t i on .  Since such expansions usua l ly  involve secu la r  terms (i.e., terms which 
increase  i n d e f i n i t e l y  i n  magnitude with propagation d i s t ance ) ,  t h e  Born approx- 
imation i t s e l f  is  secu la r ,  and hence can not  genera l ly  be  uniformly v a l i d  i n  
t h e  sense t h a t  t h e  r e s u l t i n g  e r r o r  is bounded independently of Propagation 
d is tance .  
*This r epor t  w a s  prepared as a r e s u l t  of work performed under NASA Contract 
No. NAS1-14101 while t h e  author w a s  i n  residence a t  ICASE, NASA Langley Re- 
search Center, Hampton, VA 23665. 
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It follows t h a t  any uniformly v a l i d  approximation must inc lude  a t  least 
It t h e  sum of an i n f i n i t e  subse r i e s  of t h e  complete per turba t ion  expansion. 
i s  f o r  t h e  purpose of obtaining such approximations t h a t  in f in i te -order  
methods, such as t h e  two-variable method, t h e  Rytov method, t h e  smoothing 
method, diagram methods, etc., have been applied t o  problems involving propa- 
gation i n  inhomogeneous and random media. 
method and t h e  smoothing method, are discussed i n  t h i s  paper. 
Two of t hese  methods, t h e  Rytov 
1x1 sec t ion  1 the advantage of t h e  Rytov method over t h e  Born method i n  
t h e  case of long-range propagation is i l l u s t r a t e d  by applying both methods t o  
a simple non-random problem which can be solved exactly.  I n  sec t ion  2 t h e  
e s s e n t i a l  f e a t u r e s  of t h e  smoothing method are brought ou t  by f i r s t  developing 
t h e  method i n  a genera l  context,  and then applying it t o  a p a r t i c u l a r  problem 
involving propagation of sound i n  a turbulen t  f l u i d .  
1. COMPARISON OF THE BORN AND RYTOV METHODS 
The p r e c i s e  na ture  of t h e  f a i l u r e  of t h e  Born method i n  t h e  case of long- 
range propagation, as w e l l  as t h e  improvement represented by t h e  Rytov method, 
can bes t  be i l l u s t r a t e d  by means of an example. 
Consider t h e  one-dimensional, non-random problem defined by t h e  equation 
(1) 2 2 u" + k (I+€) u = 0 , 
where t h e  primes denote d i f f e r e n t i a t i o n  with respec t  t o  x . Here k and E 
are real constants,  with k>O and E a mall parameter. We seek a so lu t ion  
of (1) representing rightward-propagating waves i n  t h e  region x>O, subjec t  t o  
the boundary condition u(0) = 1. The exact so lu t ion  of t h i s  problem can, of 
course, be  wr i t t en  down immediately, and is  
Now l e t  us  so lve  t h i s  problem by t h e  Born method, wi th  E as the  per- 
tu rba t ion  parameter. The procedure is as follows. W e  assume a so lu t ion  of 
(1) of t h e  form 
¶ (3)  
u(x;E) = u (XI + EUl(X) + E 2 u2(x) + ... 
0 
s u b s t i t u t e  i n t o  (l), expand i n  powers of E , and equate t h e  ind iv idua l  coef- 
f i c i e n t s  of t he  r e s u l t i n g  series t o  zero. This y i e l d s  a sequence of d i f f e r -  
e n t i a l  equations and boundary conditions f o r  t h e  func t ions  
which can be solved successively.  By i n s e r t i n g  t h e  r e s u l t  i n t o  (3) w e  obta in  
t h e  expansion 
uo,u1,u2, etc., 
u(x;&) = (1 + iEkx - %E 2 2 2 +  k x "')exp(ikx) , ( 4 )  
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which w e  recognize as being j u s t  t h e  series expansion i n  powers of 
exact so lu t ion .  Termination of t h i s  procedure a f t e r  t h e  ca l cu la t ion  of n+l 
terms of the  series y i e l d s  t h e  n t h  Born approximation f o r  t h i s  problem. 
t h a t  t h e  r e s u l t  i s  a f in i t e -o rde r  expansion; i.e., i t  c o n s i s t s  of a f i n i t e  sum 
of t e r m s  of t h e  complete per turba t ion  expansion given by ( 4 ) .  
E of t h e  
Note 
It i s  clear t h a t ,  f o r  any f ixed ,  bounded range of x, t h e  n t h  Born approx- 
imation can be made t o  approximate u as c lose ly  as w e  p lease  by choosing n 
s u f f i c i e n t l y  la rge .  However, f o r  any f ixed  n ,  no matter how l a rge ,  t h e  n t h  
Born approximation is not uniformly v a l i d  f o r  a l l  x . This is due t o  t h e  
presence of secular  t e r m s  ( i - e . ,  terms which involve x r a i sed  t o  some posi- 
t i v e  power) i n  t h e  expansion given by ( 4 ) ,  which causes t h e  r e s u l t i n g  approx- 
imate expression f o r  u t o  increase  i n d e f i n i t e l y  i n  magnitude as x -t 00 . I n  
con t r a s t ,  t h e  exact so lu t ion  is obviously bounded as x -t ~0 . 
This secu la r  behavior, which is c h a r a c t e r i s t i c  of f in i te -order  approxima- 
t i o n s  and which l i m i t s  t h e i r  range of v a l i d i t y ,  c o n s t i t u t e s  t h e  main drawback 
of t h i s  type of approach. This is  a p r a c t i c a l ,  as w e l l  as a t h e o r e t i c a l ,  
problem, s ince ,  f o r  example, i nves t iga t ions  of sound propagation i n  t h e  atmos- 
phere and ocean o f t e n  involve propagation ranges t h a t  are g r e a t e r  than t h e  
range of v a l i d i t y  of t h e  Born approximation. 
The ana lys i s  given above, i n  add i t ion  t o  de l inea t ing  t h e  d i f f i c u l t y  
a r i s i n g  from t h e  presence of secular  t e r m s  i n  t h e  per turba t ion  expansion, a l s o  
furn ishes  a c lue  as t o  how t h i s  d i f f i c u l t y  may be overcome. Comparison of 
equation (2) with equation ( 4 )  shows t h a t  t he  sum of an i n f i n i t e  series of 
secular  terms may be non-secular. This suggests t h e  general  idea  of avoiding 
secular  behavior by summing i n f i n i t e  series of s ecu la r  terms. Of course, when 
dealing with more complicated problems involving propagation i n  inhomogeneous 
or  random media, w e  cannot expect, i n  general ,  t o  b e  a b l e  t o  sum t h e  e n t i r e  
per turba t ion  series, as we d id  i n  t h e  simple example t r e a t e d  above, s ince  t h a t  
would be tantamount t o  wr i t i ng  down t h e  exact so lu t ion .  It may, however, be 
poss ib le  t o  sum an i n f i n i t e  - sub-series of the  complete per turba t ion  series, 
thereby obtaining a non-secular approximation. This idea; i.e., t h e  idea  of 
summing an i n f i n i t e  sub-series of t h e  complete pe r tu rba t ion  series, is c e n t r a l  
t o  methods such as t h e  two-variable method, t h e  Rytov method, t h e  smoothing 
method, diagram methods, etc., which we ca l l  in f in i te -order  methods. 
With these  thoughts i n  mind w e  t u r n  now t o  a d iscuss ion  of t h e  Rytov 
method. 
t he  so lu t ion  of (1) i n  t h e  form 
To apply t h i s  method t o  t h e  problem considered above, w e  f i r s t  write 
u = exp(i$) , 
where $ , t h e  new unknown function, i s  assumed t o  have an expansion of t h e  
f orm 
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The func t ions  6 ,11, ,11, 
a f t e r  which t h e  r e s u l t i n g  equation f o r  
a per turba t ion  technique s i m i l a r  t o  t h a t  described above. 
procedure are given i n  re ference  1 f o r  t h e  general  case of propagation i n  a 
multi-dimensional random medium. 
method as t h e  method of smooth perturbations.)  An a l t e r n a t e  approach, which 
makes use of t h e  corresponding Born series, has been suggested by Sancer and 
Varvatsis ( r e f .  2). I n  t h i s  approach equation (6) i s  subs t i t u t ed  i n t o  
equation (5), t h e  right-hand s i d e  of which is then expanded i n  a power series 
i n  E . Since t h e  r e s u l t i n g  series must be i d e n t i c a l  t o  t h a t  given by equa- 
t i o n  ( 3 ) ,  we can equate c o e f f i c i e n t s  t o  obta in  
etc., can be determined by s u b s t i t u t i n g  (5) i n t o  ( l ) ,  
0 1 2’ 
11, is  transformed and then solved by 
The d e t a i l s  of t h i s  
(Note t h a t  Ta ta r sk i  r e f e r s  t o  t h e  Rytov 
2 
uo = exp(iqO) , u 1 = iqlu0 , u 2 = (i@2-%+l)uo 
etc., from which it follows t h a t  
. ul 
u O  
$o = -i logu 0 Y Q1 = -1- 9 
Y 
Y (7) 
etc. 
t h e  ca l cu la t ion  of n+l terms i n  the  expansion of 11, and s u b s t i t u t i n g  t h e  
r e s u l t i n g  truncated series i n t o  (5). 
The n t h  Rytov approximation is obtained by terminating t h i s  process a f t e r  
The e s s e n t i a l  f e a t u r e  of t h e  r e s u l t i n g  n t h  Rytov approximation i s  t h a t ,  
f o r  n>O, it  is  equivalent t o  t h e  summation of an i n f i n i t e  sub-series of t h e  
complete per turba t ion  expansion of u. For example, t h e  f i r s t  Rytov approxi- 
mation, 
is obviously equivalent t o  t h e  summation 
which, cram (7), i s  t h e  same as 
It is f o r  t h i s  reason t h a t  t h e  range of v a l i d i t y  of t h e  Rytov approximation is, 
i n  general ,  much g r e a t e r  than t h a t  of t h e  Born approximation. 
t he  f i r s t  Rytov approximation f o r  t he  problem t r e a t e d  above is, from (8), (71, 
A s  an  example,  
and (41 ,  
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(R)= expCik(l+€)x) , 
1 U 
which is t h e  same as t h e  exact so lu t ion .  Thus, i n  t h i s  case, t h e  f i r s t  Rytov 
approximation is equivalent t o  t h e  summation of t h e  e n t i r e  perturbat5on series 
f o r  u, and consequently has an i n f i n i t e  range of v a l i d i t y .  
More d e t a i l e d  d iscuss ions  of t h e  Rytov method can be  found i n  re ferences  
1, 2, and 3.  
2. THE SMOOTHING METHOD 
One of t h e  more use fu l  per turba t ion  techniques f o r  t r e a t i n g  problems 
involving wave propagation i n  randam media i s  the smoothLng method. 
l i k e  the  Rytov method, an  in f in i t e -o rde r  method, as w e  w i l l  show. However, t h e  
smoothing method i s  more convenient than t h e  Rytov method f g r  t r e a t i n g  proble.?ns 
involving propagation i n  random media 
t h e  des i red  statist ical  p rope r t i e s  of the wave f i e l d .  
of Keller ( r e f .  4 ) .  W e  should emphasize here  t h a t  t h e  ana lys i s  which follows 
is  e n t i r e l y  formal; except f o r  some s p e c i a l  cases, rigorous proofs of con- 
vergence of t h e  series involved have not  y e t  been given. 
It is, 
since it y f e l d s  d i r e c t l y  equations for  
Our development of t h e  method is q u i t e  general  and follows c lose ly  that 
W e  begin our d iscuss ion  of t h e  smoothing method by considering the  equa- 
t ion  
where D and R are l i n e a r  opera tors  on some vec tor  space and E is a s m a l l  
parameter. Here D i s  assumed t o  be de t e rmin i s t i c  with a known inverse,  
whereas R is  assumed t o  be random with <R> = 0 ( t h e  angular brackets denote 
an  ensemble average). The source term f i s  assumed t o  be de te rminis t ic .  
Since R i s  random, t h e  so lu t ion  u of (11) w i l l  a l s o  be random. W e  
s h a l l  t he re fo re  be i n t e r e s t e d  i n  solving t h e  following type of problem: 
t h e  operator D and t h e  source term f , along wi th  some appropr ia te  statis- 
t i ca l  p rope r t i e s  of t h e  operator 
of t h e  so lu t ion  u. I n  t h e  ana lys i s  which follows w e  s h a l l  be concerned pr i -  
marily with <u>, t h e  ensemble average of u. 
Given 
R, f i nd  some spec i f i ed  s ta t i s t ica l  p rope r t i e s  
W e  begin t h e  ana lys i s  of <u> by multiplying equation (11) by D-' and 
wr i t i ng  t h e  r e s u l t i n g  equation i n  t h e  form 
-1 u = D-lf - ED Ru . 
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Solving (12) by i t e r a t i o n  y i e l d s  
(13) 
-1 -1 -1 2 -1 -1 -1 u = D  f - E D  RD f + & D  RD RD f + " '  , 
which is j u s t  t h e  Neumann series f o r  u. By averaging (13) and using t h e  f a c t  
t h a t  <R> = 0 we ob ta in  
(14) <u> = D-lf + & 2 D -1 <RD-'R>D-lf 4- * . *  . 
The series expansion f o r  <u> given by equation (14) is analogous t o  
t h e  Born series ( i . e . ,  equation ( 4 ) )  of s e c t i o n  1. It can be shown t h a t ,  l i k e  
t h e  Born series, t h i s  series genera l ly  conta ins  secu la r  terms, and hence no 
f i n i t e  sub-series of i t  can be expected t o  y i e l d  a uniformly v a l i d  approxima- 
t i o n  f o r  <u> . 
I n  order  t o  ge t  a uniformly v a l i d  approximation f o r  <u> , w e  proceed as 
follows. F i r s t ,  w e  no te  t h a t ,  from equation (14), 
2 D'lf = <u> + O ( &  ) . 
It follows, by rep lac ing  t h e  t e r m  
s i d e  of (14) by <u>, t h a t  
D-lf i n  t h e  second term on t h e  right-hand 
Now l e t  
order from (15); i.e., l e t  w be a so lu t ion  of 
w be a so lu t ion  of t h e  equation obtained by dropping t h e  t e r m  of 
(16) 
- 2 -1 w = D l f  + E D <RD-lR>w . 
Then by wr i t i ng  w as a Neumann series; i.e.,  by wr i t i ng  
w e  see t h a t  w i s  t h e  sum of an i n f i n i t e  series i n  E , and a l so ,  by comparing 
(17) with (14) , t h a t  w - <u> = O(E ) . Thus, by solving equation (16) w e  
ob ta in  an approximation t o  <u> which is t h e  sum of an i n f i n i t e  subser ies  of 
t h e  complete per turba t ion  expansion of <u> , and which d i f f e r s  from <u> by 
terms of order E . 
3 
3 
The procedure leading t o  equation (16) is c a l l e d  the  Smoothing method; 
t h e  r e s u l t i n g  equation is  re fe r r ed  to  as t h e  f i r s t -o rde r  smoothing approxima- 
t i o n  f o r  t h e  mean f i e l d .  The above ana lys i s  shows t h a t  t h e  smoothing method 
is  indeed an inf in i te -order  method. 
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The approach described he re  can a l s o  be used t o  obta in  higher-order sta- 
tistics of u,  such as t h e  mean square, t h e  c o r r e l a t i o n  function, e t c .  These 
and o ther  aspec ts  of t h e  smoothing method are discussed i n  more d e t a i l  i n  
reference 5. 
W e  present now r e s u l t s  obtained by applying t h e  smoothing method t o  a 
problem involving propagation of acous t i c  waves i n  a turbulen t  f l u i d .  The 
s t a r t i n g  poin t  of t h e  a n a l y s i s  is  equation (60) of re ference  6 which is wr i t t en  
here  i n  t h e  form 
This is  a convected wave equation governing t h e  propagation of high-frequency 
acous t ic  disturbances i n  a moving, inhomogeneous f l u i d  medium. Here p i s  t h e  
acous t ic  pressure,  c is t h e  sound speed of t h e  medium, and D = a t  + - u * V  , t 
where 2 [=(u1,u2,u3)] is t h e  f l u i d  ve loc i ty .  Also V = (a a a ), where 1’ 2’ 3 
a a .  I - a a I- 
Since t h e  bas i c  flow i s  assumed here  t o  be  tu rbu len t ,  both c and 2 are t o  
be regarded as random funct ions  of - x and t . 
t a t  ’ 1 axi ; t i s  t i m e  and 5 [=(x ,x ,x ) ]  is  t h e  pos i t i on  vec tor .  1 2 3  
W e  assume t h a t  t he  bas i c  flow represents  a s m a l l  per turba t ion  of a uniform 
f l u i d  a t  rest. Accordingly we w r i t e  
where 1.r and 6 are dimensionless random funct ions  wi th  zero mean, c i s  
t h e  average souzd speed of t h e  medium, and is a small parameter measuring 
t h e  devia t ion  of t h e  medium from a uniform motionless state. By i n s e r t i n g  
(19) and (20) i n t o  (18), expanding i n  powers of E and ( i n  accordance wi th  
t h e  assumption of high-frequency waves) dropping d e r i v a t i v e s  of flow q u a n t i t i e s ,  
w e  ob ta in  
0 
E 
where the  opera tors  Lo, L1, and L2 are given by 
-2 a 2  2 -1 -2 2 Lo = c O t  - v , L* = 2c0 ( g * v ) a t  - eo pat , 
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L~ = G fi a a - 2c -1 ~ ( g .  v)at + 3 - 2  ,J 2 2  at . 
i j i j  0 
Equation (21) can he  w r i t t e n  i n  t h e  sane form as equation ( l l ) ,  provided w e  
de f ine  
- <L > + E(L~-<L~>)  + O(E 2 1 . 1 R = L1 
It follows t h a t  t h e  smoothing method, as described above, is  appl icable  t o  
t h i s  problem. 
A d e t a i l e d  ana lys i s  of t h i s  problem based on t h e  smoothing method is 
described i n  re ference  6 . The main r e s u l t  of t h a t  ana lys i s  is an approximate 
expression f o r  t h e  quant i ty  <p> ( the  coherent wave) which, €or t h e  case of a 
plane, time-harmonic wave propagating i n  t h e  x d i r e c t i o n  through a statis- 
t i c a l l y  homogeneous and i s o t r o p i c  medium which is slowly varying i n  t i m e ,  can 
be  w r i t t e n  i n  t h e  form 
1 
where A i s  an a r b i t r a r y  amplitude f a c t o r ,  W is  t h e  frequency, and 
2 2 2 k = ko + %E ko [4v (l+%im k R)+<p >(1+5' 21mo ' k  0 l)] . 
0 0  
2 2 A2 A2 Here ko = &/eo , v = <O > = <u > = <u > , m and m'  are p o s i t i v e  con- 1 2 3 0 0 
s t a n t s  of order one, and 2 i s  t h e  c o r r e l a t i o n  length  of t h e  turbulence. 
Equation (23) shows t h a t  Imk > 0 and a l s o  t h a t  Rek > ko . Thus, t h e  
turbulence causes an a t t enua t ion  of the coherent wave as w e l l  as a reduction 
i n  i t s  phase speed. The aspect of t h e  so lu t ion  given by equations (22) and 
(23) which is of most i n t e r e s t  t o  us, however, i n  view of the  preceding 
development, i s  t h a t  it i s  non-secular i n  t h e  propagation d i s t ance  x 
a l s o  t h a t  t h i s  so lu t ion  can be  wr i t t en  as t h e  sum of an i n f i n i t e  sub-series 
of t h e  complete per turba t ion  series f o r  <p> , as can b e  seen by s u b s t i t u t i n g  
(23) i n t o  (22) and expanding i n  powers of E . 
Note' 1 '  
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